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Let P be a prime ideal in the ring of integers R of a number
ﬁeld F , with P ∩ Z = pZ, and assume that P has degree of
inertia f and ramiﬁcation index e < p − 1. Let γ (k,Pm) = γm
be the smallest positive integer s such that every integer that is
expressible as a sum of k-th powers is a sum of s k-th powers
(mod Pm). We prove that γm  (γ1 + 12 )klog(2γ1+1)/ log p + 12 . We
also use known bounds for γ1 to obtain bounds for γm for any
positive integer m.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let F be any algebraic number ﬁeld, R it’s ring of integers, and k be a ﬁxed positive integer. For
any ideal M in R , let MAk be the set of elements in R which are expressible as a sum of k-th powers
of elements in R (mod M). In Lemma 1 we show that MAk is a subring of R . We deﬁne (as in [9])
δ(k,M) to be the least positive integer s, such that every element in MAk is congruent to an element
of the type ±xk1 ± xk2 ± · · · ± xks (mod M), with xi ∈ R for i = 1,2, . . . , s. We also deﬁne γ (k,M) to be
the least positive integer s such that every element of MAk is congruent to an element of the type
xk1 + xk2 + · · · + xks (mod M), with xi ∈ R , 1 i  s. Note that, when k is odd γ (k,M) = δ(k,M) since
(−1)k = −1.
Since R is a Dedekind domain, the ideal M in R has a unique prime ideal factorization, say M=
Pr11 Pr22 · · ·Prtt . Furthermore, from the Chinese Remainder Theorem it is plain that
γ (k,M) = max
1it
γ
(
k,Prii
)
,
and thus we can focus our attention on γ (k,Pm), where P is a prime ideal of R , and m 1. That is,
we can consider congruences of the form
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(
mod Pm), (1)
for α ∈ MAk . A solution to the congruence (1) is called primitive if
gcd(x1, x2, . . . , xs,P) = 1,
in the local ring RP , R localized at P , that is, xi /∈P for some i.
Our goal in this work is to estimate γ (k,Pm) by establishing lifting results. We obtain two types
of lifting results. In Theorem 1 we prove a modiﬁed version of the Hensel lifting lemma used by
Stemmler [9, Theorem 5]. It yields an analog of Lemma 1 of [1] which is stated for the case of the
rational integers. In Theorem 2, we generalize Lemma 4 of [1], which was also stated for the case of
the rational integers.
Theorem 1. Let k be a positive integer, R be the ring of integers in a number ﬁeld F , α ∈ R andP a prime ideal
in R lying over the rational prime p with ramiﬁcation index e. Suppose that Pn ‖ (k), with n 1.
(a) If m 1 and e < p − 1 then for any m n + 1, if the congruence
α ≡ xk1 + xk2 + · · · + xks
(
mod Pm) (2)
has a primitive solution x1, x2, . . . , xs in R, then the congruence
α ≡ xk1 + xk2 + · · · + xks
(
mod Pm+1) (3)
also has a primitive solution x′1, x′2, . . . , x′s in R, with x′i ≡ xi (mod Pm), 1 i  s.
(b) If n = 0 then for m 1 if the congruence (2) has a primitive solution, then the congruence (3) also has a
primitive solution satisfying the same condition.
Remarks.
1. Theorem 1 is an improvement on Stemmler’s [9, Theorem 5] where m needed to be at least 2n+1
in order to perform the lifting. Also note that the (+) signs in (2) or (3) could be replaced by (±).
2. If α is a sum of k-th powers (mod Pm) but no primitive solution of (2) is available, then we can
ﬁnd a primitive solution of (2) with α − 1 in place of α, and then add 1 to represent α as a sum
of s + 1 k-th powers.
3. The constraint e < p − 1 is not needed for part (b) of the theorem.
Theorem 2. Let P be a prime ideal in the ring of integers R such that P lies over the rational prime p. Let e
be the ramiﬁcation index of P and f be the degree of inertia. Assume that p is odd or that p = 2, e = 1. Let
k = prk1 with r  1 and gcd(k1, p) = 1. Assume also that every element in the ﬁnite ﬁeld R/P is expressible
as a sum of k-th powers. Put γm = γ (k,Pm). In particular, γ1 = γ (k,P). Then, for any positive integer m 
er + 1,
(i) γm+1 = γm unless e |m, in which case γm+1  γm(2γ1 + 1) + γ1 .
(ii) γm  12 [(2γ1 + 1)m/e − 1].
There are a number of known estimates of γ (k,Pm). Birch obtained an upper bound for the local
case in [2],
γ
(
k,Pm) k16k2 , (4)
for all prime power ideals in R . Ramanujam independently obtained in [8] the upper bound
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(
k,Pm) 8k5, (5)
for all prime power ideals in R . In both [2], and [9] the local bounds implied certain bounds for the
global Waring’s number.
We use the lifting results of Theorems 1 and 2, along with known upper bounds for γ (k,P) to
obtain new upper bounds for γ (k,Pm) for any positive integer m.
Theorem 3. Let R be the ring of integers in a number ﬁeld F , and P be a prime ideal of R, such that P lies
over the rational prime p. Suppose that P has ramiﬁcation index e < p − 1 and degree of inertia f . Assume
that k = prk1 with r  1, p  k1 and Pn ‖ (k), so that n = er. Set q = p f and γ1 = γ (k,P). Assume also that
every element in the ﬁnite ﬁeld R/P is expressible as a sum of k-th powers. Then for any positive integer m,
γ
(
k,Pm) (γ1 + 1
2
)(
k
k1
)log(2γ1+1)/ log p
+ 1
2
.
Using known upper bounds for γ1, we obtain
Corollary 1. Assume the same hypotheses as Theorem 3. For any δ with 0< δ < 1, if (k1,q− 1) (q− 1)1−δ ,
then for any positive integer m,
γ
(
k,Pm) 159(42/δ)( k
k1
) (5.76+2.78/δ)
log p
+ 1
2
.
In special cases, we get a sharper bound.
Corollary 2. Under the same hypotheses as Theorem 3, for any positive integer m, we have
γ
(
k,Pm)
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
3
2 (
k
k1
)1.10/ log p + 12 if (k1,q − 1) = 1,
5
2 (
k
k1
)1.61/ log p + 12 if (k1,q − 1) 23q1/4,
7
2 (
k
k1
)1.95/ log p + 12 if (k1,q − 1) 23q1/3,
17
2 (
k
k1
)2.84/ log p + 12 if (k1,q − 1) 23q1/2.
Thus, under the hypotheses of Corollary 1 or Corollary 2, we obtain much sharper estimates than
the bounds in (4) and (5).
2. Notation, deﬁnitions and lemmas
Let k be a ﬁxed positive integer, and P be a prime ideal in the ring of integers R . Assume that P
lies over the rational prime p, and has ramiﬁcation index e. Let f  1 be its degree of inertia. Say
k = prk1, with r  1 and p  k1. Put n = er so that Pn ‖ (k), and put q = p f .
Since R/Pm and RP/PmP are isomorphic, where RP is the localization of R at P , and PP is
it’s unique maximal ideal, we may restrict our attention to the local ring RP in the determina-
tion of γ (k,Pm) and δ(k,Pm). Since RP is a discrete valuation ring, there exists an element π ∈
PP −PP 2 ⊂ RP , called a uniformizer, such that (π) =PP , and we can write RP/PPm = RP/(πm).
Also note that RP/(π) is isomorphic to Fq the ﬁnite ﬁeld with q elements.
Lemma 1. MAk is a subring of R.
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is closed under addition and multiplication. Also, −1 ∈ S since −1 ≡ |R/M| − 1 (mod M), where
|R/M| is the order of the ﬁnite additive group R/M. The set MAk is the inverse image of the subring
S under the canonical map R → R/M. 
The next lemma was proven by Tornheim in [10].
Lemma 2. Let F1 be the set of all elements in the ﬁnite ﬁeld RP/PP = Fq expressible as sums of k-th powers
of elements in Fq. Then F1 is a subﬁeld of Fq.
Proof. Clearly F1 is closed under addition and multiplication. If 0 = x ∈ F1, then −x = (p − 1)x a sum
of elements in F1 and x−1 = (x−1)kxk−1 a product of elements in F1. Thus F1 is a subﬁeld of Fq . 
Lemma 3. Let R be a Dedekind Domain, and P be a prime ideal of R. Let RP be the localization of R at P ,
and let (π) =PP be the unique maximal of RP . Then for any integer m 1, any element in RP is congruent
to a unique element of the form u + vπm (mod (πm+1)), where u ∈ RP runs through a complete set of
representatives of residue classes in RP/(πm), and v ∈ RP runs through a complete set of representatives of
residue classes in RP/(π).
Proof. Since |RP/(π)| = q, we have qm choices for u, and q choices for v , and so altogether qm+1
elements of the form u + vπm . Thus all that remains is to show that these elements are distinct
(mod (πm+1)).
Assume that there exists u1 + v1πm,u2 + v2πm as above such that
u1 + v1πm ≡ u2 + v2πm
(
mod
(
πm+1
))
.
Hence u1 − u2 + (v1 − v2)πm = λπm+1 for some λ ∈ RP . Thus u1 − u2 = πm(λπ − (v1 − v2)), and
so πm | (u1 − u2), that is u1 ≡ u2 (mod (πm)). But since u1 and u2 were chosen from a set of
distinct representatives of residue classes in RP/(πm), we must have u1 = u2. This implies that v1 ≡
v2 (mod (π)), and again by choice of the v ’s, we have v1 = v2. 
3. Proof of Theorem 1
We have the following lemma,
Lemma 4. Let R be the ring of integers in a number ﬁeld F and P be a prime ideal in R lying over the rational
prime p with ramiﬁcation index e. Let RP be the localization of R at P , and let π be a uniformizer. Suppose k
and j are integers such that pr ‖ k, with r  0 and k  j  2. Then for any x, t ∈ RP and any positive integer
m > er, the binomial term
(k
j
)
xk− jπ j(m−er)t j is divisible by πm+1 if
m
{
er +  e+1p−1 if r > 0,
1 when r = 0.
Proof. For r = 0, the result follows immediately since j  2.
Suppose now that r  1. For any X ∈ Z deﬁne νp(X) to be the multiplicity of p dividing X , and
for any Y ∈ RP deﬁne νπ (Y ) to be the multiplicity of π dividing Y . Let k = prk1 and j = pi j1 with
i  0 where p  k1, j1. Then
(
k
j
)
= k
j
(
k − 1
j − 1
)
= pr−i k1
j
(
k − 1
j − 1
)
, and so, pr−i
∣∣ (k
j
)
.1
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νp
(
k
j
)
max{r − i,0} for any r and i.
Now, since π e ‖ p we have that (kj)xk− jπ j(m−er)t j is divisible by π emax{r−i,0}+ j(m−er) , that is,
νπ
[(
k
j
)
xk− jπ j(m−er)t j
]
 emax{r − i,0} + j(m − er).
So when i  r  1
νπ
[(
k
j
)
xk− jπ j(m−er)t j
]
 j(m − er) (m − er)pi  (m − er)pr .
In this case the binomial term (
(k
j
)
xk− jπ j(m−er)t j) is divisible by πm+1 if m + 1  (m − er)pr , or
equivalently
m er + er + 1
pr − 1 .
Since
er + 1
e + 1 = r −
r − 1
e + 1  r 
pr − 1
p − 1 ,
we have
er + 1
pr − 1 
e + 1
p − 1 .
Thus the lemma is true when
m er + e + 1
p − 1 .
If i = 0 then
νπ
[(
k
j
)
xk− jπ j(m−er)t j
]
 er + j(m − er).
Hence, the binomial term is divisible by πm+1 if m + 1  er + j(m − er), or equivalently if m 
er + 1/( j − 1). By assumption j  2, and therefore 1j−1  1  e+1p−1 . Thus the lemma is still true.
When 1 i < r then
νπ
[(
k
j
)
xk− jπ j(m−er)t j
]
 e(r − i) + j(m − er) e(r − i) + pi(m − er),
and the binomial term is divisible by πm+1 if
e(r − i) + pi(m − er) = pim − ei + er(1− pi)m + 1,
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m er + ei + 1
pi − 1 .
Similar to the previous case, we have (since i  1)
ei + 1
e + 1 = i +
1− i
e + 1  i 
pi − 1
p − 1 ,
which is equivalent to the inequality,
ei + 1
pi − 1 
e + 1
p − 1 .
Again the lemma holds for m er + e+1p−1 . 
Proof of Theorem 1. Say k = prk1 with p  k1, so that n = er. Suppose that e < p − 1 and n  1, so
that r  1. Let m be any positive integer, m n + 1, and assume that (x1, x2, . . . , xs) is a primitive
s-tuple satisfying
xk1 + xk2 + · · · + xks ≡ α
(
mod Pm). (6)
After reordering we may assume that gcd(x1,P) = 1. Consider the congruence
(
x1 + tπm−n
)k + xk2 + · · · + xks ≡ α (mod Pm+1),
that is,
(
xk1 + xk2 + · · · + xks − α
)+ (kxk−11 πm−n)t +
(
k
2
)
xk−21 π
2(m−n)t2 + · · · + (tπm−n)k
≡ 0 (mod Pm+1). (7)
On the left-hand side of the last congruence we have
νπ
(
xk1 + xk2 + · · · + xks − α
)
m, (8)
νπ
(
kxk−11 π
m−n)=m, (9)
and by Lemma 4,
νπ
((
k
j
)
xk− j1 π
j(m−n)
)
m + 1,
since m n + 1 and e + 1< p. Hence, we are left with a linear congruence in t ,
(
xk1 + xk2 + · · · + xks − α
)+ (kxk−11 πm−n)t ≡ 0 (mod Pm+1), (10)
which by (8) and (9) is solvable.
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k∑
j=2
(
k
j
)
xk− j1 π
j(m−n)t j
is divisible by at least πm+1. Thus the same argument holds. 
Corollary 3. Let k = prk1 with p  k1 . Then under the hypotheses of Theorem 1, for any m er + 1,
γ
(
k,Pm) γ (k,Per+1)+ 1.
Proof. Let s = γ (k,Per+1). Assume that α ∈ RP has a primitive representation as a sum of s k-th
powers (mod Per+1). Then it follows from Theorem 1 (and induction) that α has a primitive repre-
sentation as a sum of s k-th powers (mod Pm) for any m er + 1.
On the other hand, if α does not have a primitive representation as a sum of s k-th pow-
ers (mod Per+1), then we ﬁnd a primitive representation for α − 1 as a sum of s k-th powers
(mod Per+1). Again, by Theorem 1 and induction, α − 1 has a primitive representation as a sum
of s k-th powers (mod Pm) for any m er + 1. Finally we add 1 to represent α. 
4. Proof of Theorem 2
Deﬁnition 1. Let R be the ring of integers in a number ﬁeld F and P be a prime ideal in R . For any
positive integers m and k, deﬁne
mAk =
{
α ∈ RP
∣∣∣ α ≡ s∑
j=1
xkj
(
mod πm
)
, for some s ∈N, x1, x2, . . . , xs ∈ RP
}
.
Since the set of sums of k-th powers in RP/PmP is a subring, and mAk is the inverse image of this
subring under the canonical mapping RP → RP/PPm , mAk is a subring of RP .
For any positive integer k, let Ak be the subring of RP generated by the k-th powers of elements
in RP . Ramanujam proved in [8] that Ak is a subring of
N= {α ∈ RP ∣∣ α = xpr0 + pxpr−11 + · · · + prxr, for some xi ∈Ak1}. (11)
Lemma 5. Let P be a prime ideal in the ring of integers R lying over the rational prime p with ramiﬁcation
index e. Suppose that p is odd or that p = 2, e = 1. Let k = prk1 with r  1 and p  k1 . Then for any positive
integers j,m with m er + 1, j m − 1, and v ∈ RP with π  v, we have vπ j ∈ mAk only if e | j.
Proof. Let vπ j ∈ mAk with π  v . By the Ramanujam representation (11) we have
vπ j ≡ xpr0 + pxp
r−1
1 + · · · + px
(
mod πm
)
, (12)
for some xi ∈ RP , 0 i   and nonnegative  <m/e. For 0 i   we note that if π | xi , then
νπ
(
pixp
r−i
i
)
 ei + pr−i .
We claim that ei + pr−i m under the hypothesis that p is odd, or p = 2, e = 1. To see this, put
f (x) = ex+ pr−x and note that f (x) attains a minimum value of er+e logp(log p) at x = r+ logp( log pe ).
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we have f (i)m for i = 0,1,2, . . . , and we obtain that if π | xi , then
νπ
(
pixp
r−i
i
)
m,
for 0 i  . For p = 2, e = 1 we note that f (x) = x + 2r−x , f (r) = f (r − 1) = r + 1m, f (i) > f (r)
for i < r − 1, and obtain the same conclusion.
If π | xi for all i then we obtain from (12) that vπ j ≡ 0 (mod πm), implying j m, contradicting
our assumption that j m− 1. Suppose now that π  xi for some i. Let i be minimal such that π  xi .
Then from (12) we have
vπ j ≡ piw (mod πm),
for some w ∈ RP with π  w . Since m > e  ie, we conclude that j = ie, that is, e | j. 
Proof of Theorem 2. Suppose that m er + 1 and that either p is odd or p = 2, e = 1. Let γm = s and
assume that γm+1  s + 1, so there exists an element λ ∈ RP that is expressible as a sum of (s + 1)
k-th powers (mod πm+1), but not as a sum of s k-th powers (mod πm+1). Say,
λ ≡
s+1∑
i=1
xki
(
mod πm+1
)
,
for some x1, . . . , xs+1 ∈ RP .
Deﬁne U and V to be complete sets of representatives in RP of the residue classes in RP /(πm)
and RP/(π) respectively. We choose the representatives u ∈ U and v ∈ V such that the following
holds. If u is a sum of k-th powers in RP/(πm), then −u is also a sum of k-th powers in this ring,
and so we choose a representative u for u with
u = −yk1 − yk2 − · · · − yks ,
for some yi ∈ RP , 1 i  s. By our assumption that every element of R/P is a sum of k-th powers,
the representative v can be chosen to be the sum of at most γ1 k-th powers in RP .
By Lemma 3, there exist u0 ∈ U and v0 ∈ V such that
λ ≡ u0 + v0πm
(
mod πm+1
)
.
Notice that,
u0 ≡
s+1∑
i=1
xki
(
mod πm
)
,
that is, u0 is a sum of k-th powers (mod πm). Thus, since u0 ∈ U , we have u0 = −(yk1 + yk2 +· · ·+ yks )
for some yi ∈ RP , and obtain
v0π
m ≡ λ − u0 ≡
s+1∑
i=1
xki +
s∑
i=1
yki
(
mod πm+1
)
.
In particular, v0πm ∈ (m+1)Ak , and so by Lemma 5 we must have e | m. Thus, if e m then we have
γm+1 = γm.
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k-th powers (mod πm+1)), and we see that v0πm is a sum of (2s + 1) k-th powers (mod πm+1).
Now, by Lemma 3, every element of RP/(πm+1) is of the form −u + πmv0v where u ∈ U , v ∈ V . If
−u + πmv0v is a sum of k-th powers (mod πm+1), then u is a sum of k-th powers (mod πm), and
so since u ∈ U , u = −(yk1 + yk2 + · · · + yks ) for some yi ∈ RP . Now, by the deﬁnition of V , v is a sum
of γ1 k-th powers in RP , and so (πmv0)v is a sum of (2s + 1)γ1 k-th powers (mod πm+1). Thus we
conclude that
γm+1  s + (2s + 1)γ1 = s(2γ1 + 1) + γ1 = γm(2γ1 + 1) + γ1. (13)
For part (ii) we proceed by induction. From part (i) we have
γ1 = γ2 = · · · = γe−1 = γe
and
γe+1  γe(2γ1 + 1) + γ1
= γ1(2γ1 + 1) + γ1
= 1
2
[
(2γ1 + 1)2 − 1
]
.
Suppose that for a given a ∈N,
γ((a−1)e+1) 
1
2
[
(2γ1 + 1)a − 1
]
.
Then
γae+1  γ((a−1)e+1)(2γ1 + 1) + γ1
= 1
2
[
(2γ1 + 1)a − 1
]
(2γ1 + 1) + γ1
= 1
2
[
(2γ1 + 1)a+1 − 1
]
. 
Corollary 4. Let P be a prime ideal in a number ﬁeld lying over p, with ramiﬁcation index e, and let and
k = prk1 , with p  k1 , r  1. If e < p − 1, then for any positive integer m we have
γ
(
k,Pm) 1
2
[(
2γ (k,P) + 1)min{r+1,m/e} + 1].
Proof. Set n = er, if m n + 1 the result follows immediately from Theorem 2 (ii), since me  r + 1.
If m > n + 1, then by Corollary 3 and Theorem 2 (ii),
γ
(
k,Pm) γ (k,Per+1)+ 1
 1
2
[(
2γ (k,P) + 1)r+1 + 1]. 
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Again, we let P be a prime ideal of R , such that P lies over the rational prime p with ramiﬁcation
index e < p − 1 and degree of inertia f . Assume that k = prk1 with r  1, p  k1 and Pn ‖ k, so that
n = er. Assume also that every element in the ﬁnite ﬁeld R/P is expressible as a sum of k-th powers.
Let q = p f , G be the multiplicative group G = F∗q = (R/P)∗ and Gk = {xk | x ∈ G}, so that
∣∣Gk∣∣= q − 1
(q − 1,k) =
q − 1
(q − 1,k1) . (14)
Proof of Theorem 3. Let γm = γ (k,Pm). By Corollary 4, for any positive integer m,
γm 
1
2
(
(2γ1 + 1)r+1 + 1
)
.
Now, k = prk1 implies that r = log( kk1 )/ log p. Therefore,
γm 
1
2
(2γ1 + 1)
[
(2γ1 + 1)log(
k
k1
)/ log p]+ 1
2
. (15)
Hence, we have
γm 
(
γ1 + 1
2
)(
k
k1
)log(2γ1+1)/ log p
+ 1
2
.  (16)
Proof of Corollary 1. Cochrane and Cipra proved, in [5],
γ1  633(2k1)log4/ log |G
k|.
By the assumption (k1,q − 1) (q − 1)1−δ , and (14) we have |Gk| (q − 1)δ . Since q − 1 2 we get
γ1  633
(
2(q − 1)1−δ) log4δ log(q−1)
= 633(4 log2+(1−δ) log(q−1)δ log(q−1) )
 633
4
42/δ.
Therefore, from Theorem 3 we have
γ
(
k,Pm) (633
4
42/δ + 1
2
)(
k
k1
) log( 6332 (1+ 1(8)(633) ))+ 4δ log2
log p + 1
2
 159
(
42/δ
)( k
k1
)(5.76+2.78/δ)/ log p
+ 1
2
. 
Proof of Corollary 2. If (k1,q − 1) = 1 we have that γ1 = γ (k1,P) = γ (1,P) = 1. Therefore, the ﬁrst
inequality follows immediately from Theorem 3. To prove the second and the third inequalities we
appeal to the estimate of Hua and Vandiver [7], and Weil [11],
82 A.J. Alnaser / Journal of Number Theory 133 (2013) 72–82∣∣N(α) − qs−1∣∣ (k1 − 1)sq s−12 ,
for the number N(α) of solutions of the congruence
xk1 + xk2 + · · · + xks ≡ α (mod P)
over the ﬁnite ﬁeld R/P with α = 0. Hence, we get N(α) > 0 and
γ1 = γ (k,P) s if
∣∣Gk∣∣ q 12+ 12s .
Note that the last three inequalities of the corollary are vacuous if q = 2 and so we may assume that
q 3. If (k1,q− 1) 23q1/4 then we get |Gk| q3/4, hence γ1  s = 2. Also, if (k1,q− 1) 23q1/3 then
|Gk| q2/3, therefore γ1  3. The second and third inequalities follow from Theorem 3.
Finally, if (k1,q − 1)  23q1/2 then |Gk|  q1/2, and in this case Glibichuk [6], and independently
Cipra [4], proved that γ1  8. This yields the last inequality. 
Further estimates for γ (k,Pm) can be obtained using different bounds for γ1 such as the ones
in [3].
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